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Plan

• Introduce idea of Galileon Fields - 
motivations Dark Energy and Light Scalar 
Fields

• Review how Galileons arise in context of 
higher dimensional models + massive gravity

• Galileon Inflation - what it is

• Non-Gaussianities in Galileon Inflation
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Frieman et al.  (2008) Ann.Rev.Astron.Astrophys

Data points tantalizingly 
close to

w = −0.94± 0.1

w = −1

Late Time Cosmic Acceleration 
potentially implies new physics

Dark Energy

w =
p

ρ
< −1/3

The Universe is Accelerating!
Acceleration can only occur if
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Solution of horizon/monopole/
flatness problems requires period of 

accelerated expansion

Inflation is the most 
plausible mechanism for 
generating the seeds of 

cosmic structure

Inflation!

Early Time Cosmic Acceleration certainly 
implies new physics

Inflation

w =
p

ρ
< −1/3

Monday, November 22, 2010



• Inflaton in case of Inflation

• Quintessence/chameleon/cosmon/Brans-
Dicke scalar/Galileon in case of Dark 
Energy

Common features: Existence of light 
scalars (fundamental or composite) which 

drive dynamics

md.e. ≤ 10−33eV

m� H
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Light scalars are a problem!

(Theoretical) Typically not technically natural (Eta 
problem in Inflation) - significantly worse for 
Dark Energy 

∆V ∼ V (φ)
φ2

M2
pl

dim 6 operators

Closely akin to Higgs 
mass/gauge hierarchy 

problem

mass quadratically 
divergent, pick up mass 
comparable to heaviest 

particle
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Light scalars are a problem!

(Observational) In case of Dark Energy 
strong observational constraints from ....

Fifth Forces (solar system), 

Binary Pulsar Timing, 

Nucleosynthesis, 

Equivalence Principle Tests etc.
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a. Do not couple to the SM
 (Quintessence) 

b. Become effectively heavy near matter (eg. on earth)
(Chameleon)

c. Are effectively weakly coupled near matter
(Kinetic Chameleon – or Vainhstein mechanism)

Fifth Force constraints avoided if light dark energy 
particles ....

Three Ways to Hide

Khoury + Weltman, 2004

Vainshtein, 1972
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• Technically natural Scalar Field arises as a 
pseudo-Nambu-Goldstone field associated 
with an approximately broken continuous 
global symmetry 

Scalars kept light by an approximate shift 
symmetry

e.g. U(1) symmetry of mexican hat

φ→ φ + C

Explicitly broken but by a 
small amount
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• Black Holes cannot carry conserved global charge 
- scattering processes which allow for BH creation 
will violate charge conservation

• Global symmetries on string world sheet always 
become local symmetries in spacetime

• Continuous global symmetry broken to discrete 
one e.g. axion models

• Accept symmetry broken, suppress effects of 
Planck suppressed operators by other means

Problem! All continuous broken 
symmetries broken at Planck scale

Kallosh et al. 1995

Green and Baumann 2009/2010

Polchinski

eg natural inflation, Freese et al. 1990
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Full symmetry must be extension of 4d Diff 
group e.g. Higher Dimensional 

Diffeomorphisms:

decoupling limit

4d Poincare group plus non-linearly realized global 
symmetry

Only possible if global symmetry is not internal, but 
`mixed’ with Poincare group

• Global symmetry becomes local when 
coupled to gravity (local symmetries are 
protected from argument)
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• Scalar arises as goldstone mode associated 
with brane in higher dimensions

• Scalar arises as helicity zero mode of 
massive graviton - consistency of massive 
gravity requires existence of larger local 
symmetry group

Two well understood examples

Scalars arising this way exhibit Galilean symmetry

π → π + C + vµxµ

generalization of shift symmetry
Monday, November 22, 2010



Cascading 
Gravity

de Rham, Dvali, Hofmann, Khoury, Pujolas, Redi, AJT (2007)
`Cascading Gravity: Extending the Dvali-Gabadadze-Porrati model to higher 
dimension’, PRL.199:251603,2008
de Rham, Hofmann, Khoury, AJT (2008)
`Cascading gravity and Degravitation’, JCAP 0802:011,2008
de Rham, Khoury, AJT (2009)
`Flat 3-brane with Tension in Cascading Gravity’, PRL.103:161691,2009
de Rham, Khoury, AJT (2010)
`Cascading Gravity is Ghost Free’, PRD81:124027,2010
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Cascading Gravity: A proposed IR 
modification of gravity to realize ...

Vacuum energy is large, as dictated by particle physics, but gravitates 
very weakly because graviton has mass or is resonance state

Dvali, Hofmann & Khoury (2007)

DEGRAVITATION

Arkani-Hamed, Dvali, Dimopoulos & Gabadadze (2002)

L−2 −k2

GN (−k2L2)

Dynamical relaxation whose timescale is set by effective ‘graviton mass’
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Massive Gravity
The Newton’s law has infinite range

If gravity was mediated by a massive particle, the Newton’s 
law would “shut down” at some distance 
L ~ m-1
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• Filtering gravity is effectively a theory of massive 
gravity

Massive Gravity

k2
m2

Monday, November 22, 2010



• Filtering gravity is effectively a theory of massive 
gravity

Massive Gravity

k2
m2
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The amount of tuning is the same

But the graviton mass remains stable against 
quantum corrections
we recover a symmetry in the limit m       0

         	


Tuning / Fine-tuning 

The theory is tuned 
but technically natural
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Cascading Gravity: The set up

S =
�

d4x
√
−g4

�
M2

4

2
R4 + LM

�
+

�
d5x
√
−g5

�
M4

3

2
R5

�
+

�
d6x
√
−g6

�
M4

6

2
R6

�

de Rham, Hofmann, Khoury, AJT (2008)
de Rham, Dvali, Hofmann, Khoury, Pujolas, Redi, AJT (2007)

de Rham, Khoury, AJT (2010)
Generalization of 

DGP idea
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Hiding the cosmological constant

Existence of a Minkowski vacuum solution in the presence of a 
cosmological constant on the 3-brane

Tension creates deficit 
angle in bulk

similar properties found in 7 dimensions
de Rham, Khoury, AJT (2009)

de Rham, Dvali, Hofmann, Khoury, Pujolas, Redi, AJT (2007)
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Degravitation in Real Time

Dynamical and causal process by which we can relax to this solution

At linearized level

de Rham, Khoury, AJT (2010)

Phase transition !"

1/m 

H2 

time 

time G(k) =
1

k2 + m(k)2
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• Filtering gravity is effectively a theory of massive 
gravity

• Massive  spin-2 field, has 5 dof

Massive Gravity leads to light scalars
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rS : Schwarzschild Radius,  ~ 3km for the sun
        non-linear interactions are important

        both for helicity-2 and -0 modes

rSVainshtein Mechanism
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rSrS

r* : Strong coupling radius  ~ 250pc for the sun
        non-linearities in π are important  

r*
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 Higher derivative interactions are essential for the viability 
of this class of models. 

The interaction for the helicity-0 mode are important
within the solar system !

Responsible for the screening of π on
observational scales. 

Fifth force
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 Higher derivative interactions are essential for the viability 
of this class of models. 

 Within the solar system, π reaches the scale Λ*, 
yet, we are still within the regime of validity of the theory

Fifth force

With    within the solar system
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• Close to a source, the interactions are important: 

Interactions

For a source

The solution is dominated 
by the higher interactions

Perturbations are screened:
(weakly coupled)
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rS : Schwarzschild Radius,   ~ 3km for the sun
        non-linear interactions are important 

r* : Strong coupling radius   ~ 250pc for the sun
        non-linearities in π are important  

rS

almost
standard GR

r*

extra dof 
stronger gravity

rr*
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rS : Schwarzschild Radius,   ~ 3km for the sun

r* : Strong coupling radius   ~ 250pc for the sun

rg ~ 1/mg : gravity weakens  > 300 Mpc 

rS

almost
standard GR

r*

extra dof 
stronger gravity

rg

Graviton mass dominates
weaker gravity
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rS r* rg

rrg ~ mg
-2r*
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Such models lead to specific observational 
signatures 

Lue, Scoccimarro & Starkman, ’04
Lue & Starkman, ’04

Lue, ’05
Afshordi, Geshnizjani & Khoury, ’08 

Scoccimarro, ’09
Khoury & Wyman, ’09

Chan & Scoccimarro, ’09
…

 Due to extra scalar dof
-  Advance of the perihelion (LLR)  

- Structure formation
-  Pulsar monopole radiation

 Modifies evolution of the Universe
-  Supernovae  

- CMB …

Observations
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Lensing, ISW
Galaxy peculiar 
velocities φ

Theories where    is a physical d.o.f. 
typically produce an anisotropic stress

ω

Different physics sensitive to different combinations of 
Newtonian potentials 

φ + ψ

Modified evolution of Inhomogeneities and Anisotropies 

Perturbations

• Further work is needed to understand full 
effect on cosmological perturbations

Nonlinear dynamics complicated 
because of Vainshtein mechanism
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To give the graviton a mass, include the interactions

Mass for the fluctuations around flat space-time

Graviton mass (hard mass)
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Graviton mass (hard mass)

two derivatives acting on

implies invariant under

π → π + C + vµxµ

π
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Keeping this procedure to all orders,

with 

Ghost-free decoupling limit

de Rham, Gabadadze 2010
Monday, November 22, 2010



How do we make this fully covariant?

de Rham (Geneva), Gabadadze (NYU), AJT 
To appear soon

Decoupling limit is not fully Diff invariant, need to develop 
fully nonlinear theory

Attempt made by Creminelli et al. (2005)
Failed (Calculation Errors)

Attempt made by Chamseddine+ Mukhanov et al. (2010)
Initially wrote down theory with ghost, corrected but only to 
cubic order

We have been able to determine all interactions to all orders 
in perturbations to generalize previous ghost free decoupling 

theories
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• If hard mass gravity is consistent, must exist 
hidden symmetry 10+4+1 - 2*5 = 5. Work 
in progress looking for fundamental origin 
of symmetry

• In DGP/Cascading gravity, symmetry is just 
higher dimensional diffeomorphisms

Symmetries
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Galileon
Inflation

Burrage, de Rham,  Seery,  AJT (2010)
`Galileon Inflation’, arXiv: 1009.2497

Similar work by Kobayashi et al (2010)
arXiv: 1008.0603
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 The decoupling limit of Cascading Gravity belongs to 
Galileon class of models:

1. The theory is local
2. It possess a Galilean symmetry
3. It has a well-defined Cauchy problem

(eof remain 2nd order)

Nicolis, Rattazzi and 
Trincherini, 0811.2197

The Galileon

Only finite number of 
operators satisfying these 

criteria!
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DBI limit

Recover the DBI action

Non-relativistic limit

Recover Galileon action

Unified DBI/Galileon

de Rham,  AJT (2010)
`DBI and the Galileon reunited’, JCAP 1005:015,2010
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A red spectrum

Most models of inflation predict

Departure from scale invariance required by slow-roll 
paradigm but also by its alternatives!

Larson et al. WMAP7 ‘10
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Galileon Inflation: Central Idea

Shift symmetry protects 
inflationary potential to allow 
sufficient e-folds of inflation
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DESY 10-132

Galileon inflation

Clare Burrage
Theory Group, Deutsches Elektronen-Synchrotron DESY, D-22603, Hamburg, Germany∗

Claudia de Rham
Départment de Physique Théorique, Université de Genève,
24 Quai E. Ansermet, CH-1211, Genève, Switzerland†

David Seery
Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH, UK‡

Andrew J. Tolley
Department of Physics, Case Western Reserve University,

10900 Euclid Avenue, Cleveland OH, 44106-7079§

Galileon inflation is a radiatively stable higher derivative model of inflation. The model is deter-
mined by a finite number of relevant operators which are protected by a covariant generalization of
the Galileon shift symmetry. We show that the nongaussianity of the primordial density perturba-
tion generated during an epoch of Galileon inflation is a particularly powerful observational probe
of these models and that, when the speed of sound is small, fNL can be larger than the usual result
fNL ∝ c−2

s .

I. INTRODUCTION

Inflation is an era during which the cosmological scale
factor a(t) satisfies d2a/dt2 > 0 as a function of cos-
mic time t, growing by a factor eN . It is a familiar
idea that a successful implementation of inflation, by
which we mean obtaining sufficiently large N , requires
the inflationary Lagrangian density L to have an approx-
imate shift symmetry—an invariance under the transla-
tion φ → δcφ ≡ φ+ c, where φ is the inflaton field and c
is a constant.
Underlying this is the idea that the slow-roll conditions

imply the shift symmetry is broken only mildly, both in
the action and the equations of motion. In terms of the
inflationary potential, V (φ), and the Planck mass, MP,
these slow-roll conditions are typically expressed using
the parameters ε and η, which satisfy 2ε ≡ M2

P(V
′/V )2

and η ≡ M2
PV

′′/V .
How large a breaking can be acceptable? We expect

any effective description to be valid only for a field excur-
sion at most of order MP, before renormalization group
flow introduces new physics which changes the descrip-
tion. Requiring the first- and second-order fractional
variation in the potential, V (φ), to be small over an ex-
cursion of this magnitude yields

δc lnV ∼
√
ε % 1, and δ2c lnV ∼ η − ε % 1, (1)

where we have indicated approximate relations in terms
of the slow-roll quantities ε and η. Therefore slow-roll

∗ clare.burrage@desy.de
† Claudia.deRham@unige.ch
‡ D.Seery@sussex.ac.uk
§ andrew.j.tolley@case.edu

inflation, defined by the conditions ε % 1 and |η| %
1, entails tuning V (φ) so that only very mild breaking
occurs even over large variations in field value.
This tuning has an important consequence. Creminelli

observed that, once V (φ) has been adjusted to satisfy
Eq. (1), we can add any operator invariant under the
shift symmetry without spoiling the property of success-
ful inflation [1]. There is a large class of such operators,
constructed by applying any combination of derivatives
to the inflaton field φ. This yields ∇φ, ∇∇φ and higher
gradients, with indices contracted in arbitrary combina-
tions. It follows that the most general local, Lorentz-
invariant action for φ coupled to gravity which is invari-
ant under the shift symmetry can be written

L =
√
−g

[

M2
P

2
R+ LM(∇φ,∇∇φ, . . .)

]

. (2)

In this paper, we study how inflation can be realized
in theories of the form (2). In comparison with slow-
roll inflation using canonical kinetic terms there are new
difficulties, associated with the appearance of unstable
‘ghost’ states and stability under radiative corrections.
One class of ghost-free, radiatively stable models with an
interesting inflationary phenomenology has been widely
studied. These are the Dirac–Born–Infeld (DBI) mod-
els [2–4]. However, another class of ghost-free models
has recently been constructed [5, 6], based on a so-called
‘Galilean’ symmetry to be defined in §II below. This
Galileon field has been shown to arise naturally in theo-
ries of massive gravity without ghosts in their decoupling
limit [7].
Galileon models describe an effective short-distance

theory associated with a modification of gravity on large
scales, and have mostly received attention as models of
dark energy. However, it is equally possible that they

π → π + c/Mpl
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• When combined with Galilean symmetry 
can allow for large non-minimal kinetic 
terms without theory going out of control

• Non-minimal kinetic terms are principle 
source of single field non-Gaussianities - 
this inflationary models build on Galileon 
can have potentially observable non-
Gaussianities

Galileon Inflation: Central Idea
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nG’s will hopefully be measured with some accuracy 
in future data eg PLANCK potentially getting down 
to 

Potential existence of nG’s is far more significant 
discriminator of fundamental physics than departure from 
scale invariance!

Data currently coming, 
expected release 2012?

Non-Gaussianities + Observations

There is also considerable hope of competitive constraints from 
Large Scale Structure Dalal et al. 2007

Monday, November 22, 2010



5

Therefore we conclude Γq[δgφ] = Γq[φ]. Hence, even
though a mass term explicitly breaks the Galileon sym-
metry, this does not induce any further operators which
violate the symmetry at the quantum level.
The same conclusion can be reached by analysing the

properties of Feynman diagrams. Consider any nontrivial
diagram with two external lines, which in principle could
contribute to a renormalization of φ2. Such a diagram in-
cludes two field operators where the external lines attach
to the interior of the diagram, and the structure of LM

implies that each of these operators carries at least one
derivative. We conclude that the net effect of these field
operators must introduce an overall factor of at least two
powers of the external momenta. After expanding into
a series of operator products, each term must contain at
least two derivatives and cannot include the operator φ2,
contrary to our original supposition. As a trivial spe-
cial case we recover the obvious fact that a φ2 operator,
considered as a deformation of the Gaussian kinetic term
LM = X/2, is not renormalized.
The same argument does not apply if we extend (8)

to include higher powers of φ. In particular, inclusion of
a φ3 operator or higher would typically renormalize the
coefficient of φ2 to ∼ Λ2, where Λ is the cutoff of the
theory. In such circumstances we would be obliged to
take φ2 as a relevant operator, leading to strong radiative
breaking of the supposed shift symmetry exhibited by
LM. Therefore inclusion of such operators is inconsistent.
The conclusion of these arguments is that it is possible

to construct an inflationary model based on a Galileon
field, in which the shift and Galilean symmetry protects
the form of the Lagrangian. Inflation can end, despite the
presence of these symmetries, at least in the decoupling
limit MP → ∞. Although the Galileon symmetry is bro-
ken when coupled to gravity, the breaking terms will be
parameterically suppressed by powers of Λ/MP, which we
assume to be small. In what follows we will allow a little
extra freedom and work with an arbitrary potential V (φ).
Although this will generally break the Galilean symme-
try explicitly, the foregoing argument demonstrates that
any operators generated in this way will be suppressed by
powers of three or more derivatives of V (φ). We will sup-
pose that the models used to obtain Galileon inflation all
break the Galilean symmetry mildly in this above sense.

IV. GALILEON INFLATION

On a curved background, such as de Sitter space, it
was remarked by Deffayet et al. [39] that the Galileon
action constructed by Nicolis et al. [5] leads to unwanted
higher-derivative equations of motion, spoiling the ex-
pected construction of a ghost-free, unitary theory. This
can be cured using a nonminimal coupling to gravity,
which Deffayet et al. described as ‘covariantization.’ The
covariant Galileon action, which can also be obtained
from the five-dimensional covering theory [6], is

S =

∫

d4x
√
−g

[

−
c2
2
(∇φ)2 +

c3
Λ3

!φ(∇φ)2 −
c4
Λ6

(∇φ)2
{

(!φ)2 − (∇µ∇νφ)(∇µ∇νφ) −
1

4
R(∇φ)2

}

+
c5
Λ9

(∇φ)2
{

(!φ)3 − 3(!φ)(∇µ∇νφ)(∇µ∇νφ) + 2(∇µ∇νφ)(∇ν∇αφ)(∇α∇µφ)− 6Gµν∇µ∇αφ∇νφ∇αφ
}

]

,

(10)

where and Gµν and R are respectively the Einstein ten-
sor and scalar curvature of the background. Typically,
covariantization breaks the Galileon symmetry. In what
follows it will emerge that this has important conse-
quences for the phenomenology of the model. The coeffi-
cients ci are dimensionless, and—as above—Λ is a mass
scale which determines the näıve cutoff of the theory.
In practice, fluctuations around a nontrivial background
can be valid up to energies somewhat larger than Λ if
a Vainshtein effect is operative (see Ref. [40]), discussed
in more detail in Ref. [6]. The action for fluctuations in
the decoupling limit of the DGP model has c4 = c5 = 0.
Constraints on the ci obtained from short-distance grav-
itational effects were studied in Refs. [5, 41] for the case
that Eq. (10) describes the short-distance effects of a
modification of gravity today. If the scalar φ is taken
to be relevant only during inflation, however, the ci are

unrestricted and must be determined independently from
cosmological probes. Cosmological constraints on c2, c3
and c4 are quoted by Ali et al. [9].

A. Infrared completion of the Galileon

Models of this type are unusual, because they must be
viewed as effective field theories both in the usual sense
of being valid below some energy scale Λ, and also in the
sense that they may require a non-trivial infrared com-
pletion. For instance, as described in §I, they typically
arise as intermediate-scale effective theories correspond-
ing to massive gravities, and are therefore modified at
an infrared scale set by the Compton wavelength of the
graviton. Such models were discussed in Refs. [6, 7]. The
consistency of our present analysis only requires that the

Covariant Galileon

plus a mildly varying potential e.g.

Deffayet et al 2009

V (φ) =
1
2
m2φ2
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Galileon on de Sitter
Burrage, de Rham,  Seery,  AJT (2010)
`Galileon Inflation’, arXiv: 1009.2497

6

infrared cutoff is much larger than the Hubble scale dur-
ing inflation. However, constructing a full cosmological
model that accounts for the subsequent expansion of the
universe would probably require this scale to be many
orders of magnitude larger. We do not address this issue
in this paper.

B. Inflation in the de Sitter decoupling limit

To get a sense of the background solutions and new fea-
tures in Galileon models, consider the background field
evolution in a de Sitter decoupling limit, defined by the
limit MP → ∞ where H is kept fixed. (We caution that
this should not be confused with the decoupling limit
considered in the next section, which allows for a more
general FRW background). This limit is applicable if the
variation ∆V in the inflationary potential over the du-
ration of inflation satisfies |∆V/V | # 1. In this limit
we have a Galileon model living on the background of de
Sitter spacetime, with scale factor a(t) = eHt.
After integrating by parts to obtain the action in first-

order form, and cancelling any boundary terms generated
by this process [42], the action for a homogeneous field
configuration φ(t) can be written

S0 =

∫

d4x a3
{

c2
2
φ̇2 +

2c3H

Λ3
φ̇3 +

9c4H2

2Λ6
φ̇4

+
6c5H5

Λ9
φ̇5 + λ3φ

}

.

(11)

According to the discussion of Eqs. (4)–(5), the current
J t can be written

J t = c2φ̇+
6c3H2

Λ3
φ̇2 +

18c4H2

Λ6
φ̇3 +

30c5H5

Λ9
φ̇4

=
λ3

3H
. (12)

There are two regimes. First, a weakly coupled solu-
tion in which the linear term φ̇ dominates,

φ̇ ∼
λ3

3H
. (weak coupling) (13)

In this regime the outcome is very close to canonical slow-
roll inflation. Second, there is a strongly coupled solution
for which φ̇2 dominates. Consider the Galileon theory
corresponding to the DGP model [19], for which only c2
and c3 are nonzero. The strongly coupled regime implies

φ̇ ∼

√

Λ3λ3

18c3H2
. (strong coupling) (14)

The smooth solution interpolating between Eqs. (13)
and (14) is

φ̇ =
Λ3

12H

(

−1 +

√

1 +
8c3λ3

Λ3

)

. (15)

More generally, when the other Galilean interactions are
present, the field configuration interpolates between the
weak coupling regime (13) and the strongly coupled solu-
tion φ̇H ∼ (λΛ2) if c4 &= 0 or φ̇H ∼ (λ3Λ9)1/4 if c5 &= 0.

C. Effective field theory for inflation

How does an era of Galileon inflation differ from a
canonical inflationary phase? We have argued in §II that
two Lagrangians are inequivalent only if they make differ-
ent predictions for observables. Therefore we must study
perturbations generated by the action (2), which are the
appropriate measurable quantities.

Unitary gauge action. Cheung et al. [30] argued that
certain properties of the perturbations generated in an
inflationary model were fixed by the background, and
were therefore model independent, whereas others varied
between theories and could be used to probe different
choices of LM. This conclusion was obtained by con-
structing the most general action for small fluctuations
on a quasi-de Sitter background, subject to the condition
of unbroken spatial diffeomorphisms and nonlinearly real-
ized Lorentz invariance. In §IVD below we will construct
the action for small fluctuations in Galileon inflation us-
ing a more direct approach. However, this action could
equally have been obtained by specializing the result of
Ref. [30] to a scenario with Galilean symmetries. There-
fore, before proceeding with a detailed calculation, it is
of interest to determine what constraints are placed on
the model by the construction of Cheung et al.

The authors of Ref. [30] worked in a model with a sin-
gle scalar field, φ, and constructed their action in a gauge
where slices of constant time coincided with slices of uni-
form φ. In this gauge there are no explicit scalar fluc-
tuations, but only perturbations of the metric. The unit
vector normal to slices of constant time is nµ, and consti-
tutes a preferred vector field breaking manifest Lorentz
invariance. The Lagrangian for inflationary perturba-
tions can be built only out of operators which are in-
variant under spatial diffeomorphisims associated with
reparametrizations of the induced three-dimensional spa-
tial metric hµν = gµν +nµnν . Cheung et al. showed that
it was sufficient to take the Lagrangian to comprise a gen-
eral scalar combination of the Riemann tensor, Rµ

νρσ,
together with the time–time component of the metric,
g00, and the extrinsic curvature, Kµν = −hµ

ρhν
σ∇ρnσ,

associated with slices of constant time [30]. Bartolo et
al. argued that the most general Lagrangian including
terms of up to cubic order in small fluctuations can be
written [32]

6

infrared cutoff is much larger than the Hubble scale dur-
ing inflation. However, constructing a full cosmological
model that accounts for the subsequent expansion of the
universe would probably require this scale to be many
orders of magnitude larger. We do not address this issue
in this paper.

B. Inflation in the de Sitter decoupling limit

To get a sense of the background solutions and new fea-
tures in Galileon models, consider the background field
evolution in a de Sitter decoupling limit, defined by the
limit MP → ∞ where H is kept fixed. (We caution that
this should not be confused with the decoupling limit
considered in the next section, which allows for a more
general FRW background). This limit is applicable if the
variation ∆V in the inflationary potential over the du-
ration of inflation satisfies |∆V/V | # 1. In this limit
we have a Galileon model living on the background of de
Sitter spacetime, with scale factor a(t) = eHt.
After integrating by parts to obtain the action in first-

order form, and cancelling any boundary terms generated
by this process [42], the action for a homogeneous field
configuration φ(t) can be written

S0 =

∫

d4x a3
{

c2
2
φ̇2 +

2c3H

Λ3
φ̇3 +

9c4H2

2Λ6
φ̇4

+
6c5H5

Λ9
φ̇5 + λ3φ

}

.

(11)

According to the discussion of Eqs. (4)–(5), the current
J t can be written

J t = c2φ̇+
6c3H2

Λ3
φ̇2 +

18c4H2

Λ6
φ̇3 +

30c5H5

Λ9
φ̇4

=
λ3

3H
. (12)

There are two regimes. First, a weakly coupled solu-
tion in which the linear term φ̇ dominates,

φ̇ ∼
λ3

3H
. (weak coupling) (13)

In this regime the outcome is very close to canonical slow-
roll inflation. Second, there is a strongly coupled solution
for which φ̇2 dominates. Consider the Galileon theory
corresponding to the DGP model [19], for which only c2
and c3 are nonzero. The strongly coupled regime implies

φ̇ ∼

√

Λ3λ3

18c3H2
. (strong coupling) (14)

The smooth solution interpolating between Eqs. (13)
and (14) is

φ̇ =
Λ3

12H

(

−1 +

√

1 +
8c3λ3

Λ3

)

. (15)

More generally, when the other Galilean interactions are
present, the field configuration interpolates between the
weak coupling regime (13) and the strongly coupled solu-
tion φ̇H ∼ (λΛ2) if c4 &= 0 or φ̇H ∼ (λ3Λ9)1/4 if c5 &= 0.

C. Effective field theory for inflation

How does an era of Galileon inflation differ from a
canonical inflationary phase? We have argued in §II that
two Lagrangians are inequivalent only if they make differ-
ent predictions for observables. Therefore we must study
perturbations generated by the action (2), which are the
appropriate measurable quantities.

Unitary gauge action. Cheung et al. [30] argued that
certain properties of the perturbations generated in an
inflationary model were fixed by the background, and
were therefore model independent, whereas others varied
between theories and could be used to probe different
choices of LM. This conclusion was obtained by con-
structing the most general action for small fluctuations
on a quasi-de Sitter background, subject to the condition
of unbroken spatial diffeomorphisms and nonlinearly real-
ized Lorentz invariance. In §IVD below we will construct
the action for small fluctuations in Galileon inflation us-
ing a more direct approach. However, this action could
equally have been obtained by specializing the result of
Ref. [30] to a scenario with Galilean symmetries. There-
fore, before proceeding with a detailed calculation, it is
of interest to determine what constraints are placed on
the model by the construction of Cheung et al.

The authors of Ref. [30] worked in a model with a sin-
gle scalar field, φ, and constructed their action in a gauge
where slices of constant time coincided with slices of uni-
form φ. In this gauge there are no explicit scalar fluc-
tuations, but only perturbations of the metric. The unit
vector normal to slices of constant time is nµ, and consti-
tutes a preferred vector field breaking manifest Lorentz
invariance. The Lagrangian for inflationary perturba-
tions can be built only out of operators which are in-
variant under spatial diffeomorphisims associated with
reparametrizations of the induced three-dimensional spa-
tial metric hµν = gµν +nµnν . Cheung et al. showed that
it was sufficient to take the Lagrangian to comprise a gen-
eral scalar combination of the Riemann tensor, Rµ

νρσ,
together with the time–time component of the metric,
g00, and the extrinsic curvature, Kµν = −hµ

ρhν
σ∇ρnσ,

associated with slices of constant time [30]. Bartolo et
al. argued that the most general Lagrangian including
terms of up to cubic order in small fluctuations can be
written [32]
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be written

S ⊇
∫

d4x a3
[

αξ̇2 −
β

a2
(∂ξ)2 + f1ξ̇

3

+
f2
a2

ξ̇2∂2ξ +
f3
a2

ξ̇(∂ξ)2 +
f4
a4

(∂ξ)2∂2ξ

]

,

(18)

where the symbol ‘⊇’ is used to denote that S contains
these contribution among other higher-order ones, and
the time-dependent coefficients α, β and fi satisfy

α =
φ̇2

2

(

c2 + 12c3Z + 54c4Z
2 + 120c5Z

3
)

, (19)

β =
φ̇2

2

{

c2 + 4c3(2Z +
φ̈

Λ3
)

+ 2c4

[

13Z2 +
6

Λ6

(

Ḣφ̇2 + 2Hφ̇φ̈
)

]

+
24c5
Λ9

Hφ̇2
[

2φ̇(H2 + Ḣ) + 3Hφ̈
]

}

, (20)

f1 =
2Hφ̇3

Λ3

(

c3 + 9c4Z + 30c5Z
2
)

, (21)

f2 = −
2φ̇3

Λ3

(

c3 + 6c4Z + 18c5Z
2
)

, (22)

f3 = −
2Hφ̇3

Λ3
(c3 + 7c4Z + 18c5Z

2)

+
2φ̇2φ̈

Λ3
(c3 + 6c4Z + 18c5Z

2), (23)

f4 =
φ̇3

Λ3

{

c3 + 3c4Z + 6c5

[

Z2 +
Ḣφ̇2

Λ6

]}

+
3φ̇3φ̈

Λ6
(c4 + 4c5Z). (24)

The contribution proportional to ξ̇2∂2ξ can be removed
after a field redefinition. Making the transformation ξ →
π = ξ + f2ξ̇2/2β, it follows that Eq. (18) can be written

S ⊇
∫

d4x a3
[

α

{

π̇2 −
c2s
a2

(∂π)2
}

+ g1π̇
3

+
g3
a2

π̇(∂π)2 +
g4
a4

(∂π)2∂2π

]

,

(25)

where g3 = f3, g4 = f4, we have defined c2s = β/α, and
g1 is defined by

g1 = f1 +
2H

c2s
f2 +

2

3c2s

α̇

α
f2 −

β

3c2s

d

dt

(

f2
β

)

. (26)

Had we worked from the uniform-field gauge action of
Cheung et al., Eq. (16), we would have obtained α, cs
and the gi in terms of c(t), Λ(t) and the theory-dependent
scales Mi(t) and M̄i(t).

Although ξ and π will differ on small scales, they be-
come equal whenever ξ̇ = 0 and are therefore equal in any
epoch when ξ is conserved. In particular, they coincide
on superhorizon scales. Therefore, to obtain the corre-
lation functions of ζ it suffices to obtain the correlation
functions of π.

Relation to EFT action. The Galileon Lagrangian,
constructed above, could have been recovered from
Eq. (16) by imposition of the Galileon symmetry, after
taking advantage of possible field redefinitions and inte-
gration by parts. Therefore, one might have some reser-
vations that Eq. (25) is in conflict with the conclusions
of Cheung et al., who found that the coefficient of the
operator π̇(∂π)2 was fixed by M2(t). In a generic model
this coefficient is also responsible for a nontrivial speed
of sound, cs < 1. Therefore the coefficient of π̇(∂π)2 is
fixed once the background evolution and cs have been
specified. On the other hand, Eqs. (25)–(26) show that
the coefficient of π̇(∂π)2 in the Galileon theory is inde-
pendent.
This apparent discrepancy disappears if one accounts

for all terms in Eq. (16), which in principle contains
fourteen free coefficient functions. Of these, the Planck
mass is measured by terrestrial experiments and the pair
{c(t),Λ(t)} must be chosen to match the expansion his-
tory H(t), leaving eleven free coefficients overall. Con-
tributions to π̇(∂π)2 arise from many of these operators,
which are made relevant owing to the symmetries of the
Galileon theory. (See §IVE, where the relative magni-
tude of each term is clearly expressed by their contri-
butions to the observable parameter fNL.) It is these
additional terms which break the expected correlation
between g3 and c2s.

E. Primordial density perturbations

We now proceed to compute the form of the bispec-
trum for Galileon inflation. As we have explained above,
we focus on nongaussianities because we expect them to
parametrize the difference between inequivalent choices
of the inflationary Lagrangian. Although it is also im-
portant to study the properties of two-point statistics,
these are effectively constrained to match observation by
the closeness of the background solution to a de Sitter
era with slowly varying H .
When computed using Eq. (25), the correlation prop-

erties of the primordial density perturbation can be ex-
pressed in terms of the coefficients of the relevant oper-
ators, which are α, cs, g1, g3 and g4. These represent
the largest contribution to each observable. We have ar-
gued that there are two irrelevant operators, λ3φ and
m2φ2, which although not invariant under the Galilean
symmetry can self-consistently be made small, but play
an essential role in ending inflation. These correct the
predictions of Eq. (25). Their influence can be accom-
modated by inclusion of the first subleading slow-roll cor-
rections. As remarked by Kobayashi et al. [11], another

Action to cubic order in fluctuations

ζ = Φ + H
δφ

φ̇
= Hπ

comoving curvature 
perturbation
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The background wavefunctions can be written

u(k, τ) =
iHk

2
√
αk

1

(kcs|k)3/2
(1− ikcs|kτ)e

ikcs|kτ . (38)

The O(ε) correction, δu(k, τ), is obtained by expand-
ing Eq. (34) uniformly to first order in small quantities.
The variation with respect to the order, ν, of each Han-
kel function can be evaluated using expressions (B.42)–
(B.46) of Ref. [17]. Assembling sine and cosine integral

terms, these expressions can be rewritten to find

∂H(2)
ν (x)

∂ν
= −

i

x3/2

√

2

π

×
[

eix(1− ix) Ei(−2ix)− 2e−ix − i
π

2
e−ix(1 + ix)

]

.

(39)

Using Eq. (39) and Eq. (34), and rotating the contour
of integration of Ei, we finally obtain

δu(k, τ) =
iHk

2
√
αk

1

(kcs|k)3/2

{

− λke
−ikcs|kτ (1 + ikcs|kτ)

∫ τ

−∞

dξ

ξ
e2ikcs|kξ

+ eikcs|kτ
[

µ0|k + iµ1|kkcs|kτ + skk
2c2s|kτ

2 + λkNk − iλkkcs|kNkτ − skk
2c2s|kNτ2

]

} (40)

We have defined Nk = ln |kcs|kτ |. The remaining inte-
gral is to be taken over a contour displaced slightly above
the negative real axis for large |ξ|, which renders it fi-
nite. Similar integrals are generated in the Schwinger (or
“in–in”) formulation of quantum field theory, where the
same contour prescription is obtained after accounting
for iε terms which project onto the vacuum at past infin-
ity [28, 46]. Differentiating with respect to τ and using
Eqs. (29)–(31) one can confirm that, despite the appear-
ance of an apparent logarithmic singularity, δu(k, τ)′ → 0
in the limit τ → 0. This is the same behaviour as u(k, τ)
itself, and guarantees that the introduction of slow-roll
corrections does not cause a convergent time integral to
become divergent.
Log-divergent integrals of the form appearing in

Eq. (40) have previously been obtained in Refs. [29, 47,
48], which discussed the possibility of singularities for
certain kinematic configurations of the ki, including the
‘squeezed’ configurations where one ki becomes much
smaller than the other two. The behaviour of the three-
point function in this limit is not trivial, but it can be de-
termined nonperturbatively in the single-field framework
following an argument due to Maldacena [28, 49], and is
known to be regular. Therefore any singularities arising
from this log-divergent integral must cancel. We have
confirmed that our final expressions contain no singular-
ities, but we discuss the significance of these potential
divergences in Appendix A.

Three-point correlations. We give technical details of
the calculation of the three-point functions arising from
each cubic operator in Eq. (25) in Appendix B. In this
section we report the final values of fNL, specialized to
the equilateral limit where all ki have a common magni-
tude. We would typically expect the bispectrum to be
maximized on a configuration close to equilateral, and
this limit should give a good estimate of the magnitude
of the bispectrum on this peak configuration.
We adopt the convention that background quantities

are to be evaluated at the horizon-crossing time corre-
sponding to the symmetric point kt = k1 + k2 + k3, and
denote evaluation at this time by a subscript ‘*’. This is
somewhat larger than any individual ki. In the equilat-
eral case this moves the point of evaluation to ln 3 ≈ 1
e-folds after the common time of horizon exit.
We define the bispectrum Bτ (k1, k2, k3) by

〈π(k1, τ)π(k2, τ)π(k3, τ)〉 =
(2π)3δ(k1 + k2 + k3)Bτ (k1, k2, k3)

(41)

where the momentum-conservation condition allows us to
make B a function of the magnitudes ki alone, indepen-
dent of the relative orientation among the ki. We define
fNL to be the reduced bispectrum

B(k1, k2, k3) =
6

5
fNL

×
[

P (k1)P (k2) + P (k1)P (k3) + P (k2)P (k3)
]

,
(42)

where all quantities are evaluated at time τ . Our con-
vention that the background quantities in each copy of
the power spectrum P (k) are to be evaluated at τ$ im-
plies that there is a logarithmic correction to Eq. (36)
proportional to ln k/kt. Combining Eqs. (36) and (42)
we obtain

6

5
fNL =

∏

i k
3
i

∑

i k
3
i (1 + 4E$ − 2λ$ ln[k

−1
i k−2

t

∏

j kj ])

×
(

H2
$c

3
s$

4α$

)3

B(k1, k2, k3).

(43)

To obtain our final answers we expand this expression
uniformly to first order in quantities of O(ε). We de-
fine a numerical constant ω, satisfying cothω = 5. In
the equilateral limit ki = k for all i, each fNL becomes
independent of k for dimensional reasons and we find
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f π̇3

NL =
2

27

g1"H"

α"

(

1 +
2γE − 3

2
h1" +

160ω − 2γE − 29

2
v" +

480ω − 98

2
s" +

320ω − 2γE − 63

2
ε"

)

=
2

27

g1"H"

α"
(1− 0.923h1" + 1.141v" − 0.344s" + 0.360ε") (44)

f π̇(∂π)2

NL = −
17

54c2s"

g3"H"

α"

(

1 +
17γE − 9

17
h3" +

32 ln 3
2 − 17γE + 22

17
v" +

96 ln 3
2 − 34γE + 40

17
s"

+
64 ln 3

2 − 17γE + 18

17
ε"

)

= −
17

54c2s"

g3"H"

α"
(1 + 0.048h3" + 1.480v" + 3.489s" + 2.008ε") (45)

f∂2π(∂π)2

NL = −
13

27c4s"

g4"H2
"

α"

(

1 +
6γE + 5

6
h4" +

173− 26γE − 256 ln 3
2

26
v" +

733− 156γE − 1152 ln 3
2

39
s"

+
147− 26γE − 256 ln 3

2

13
ε"

)

= −
13

27c4s"

g4"H2
"

α"
(1 + 1.411h4" + 2.084v" + 4.509s" + 2.169ε") . (46)

On the other hand, in the ‘squeezed’ limit where one ki
becomes much less than the other two, each fNL decays
to zero. Expressions for fNL which describe the complete
momentum dependence can be extracted from the three-
point functions given in Appendix B, but because they
are lengthy and ultimately not illuminating we do not
write them explicitly.
The leading-order contributions from each of these op-

erators were recently computed by Mizuno & Koyama
[12]. We have verified that the leading terms of Eqs. (B1),
(B9) and (B25), which generate the leading-order terms
of Eqs. (44)–(46), correspond with Eqs. (32)–(36) of
Mizuno & Koyama.
Note that, although we are using the conventional no-

tation ‘fNL’ to denote the reduced bispectrum, Eqs. (44)–
(46) are not directly measurable quantities, because (41)–
(42) define them in terms of π. Indeed, according to
these definitions, Eqs. (44)–(46) express 〈π3〉/〈π2〉2, af-
ter removal of the momentum-conservation δ-function
from each correlator, for different choices of 〈π3〉. There-
fore they possess engineering dimension [mass]. The ob-
servable quantity is the ratio 〈ζ3〉/〈ζ2〉2. The appro-
priate fNL which measure this ratio are obtained from
Eqs. (44)–(46) after division by H", and are dimension-
less.

Dependence on c2s. Eqs. (44)–(46) express predictions
for the three-point correlations generated by the Galileon
Lagrangian, assuming that the coefficient of each relevant
operator can be determined by measurement.
This pattern of three-point correlations gives rise

to an interesting phenomenology, considerably broader
than has previously been encountered using noncanoni-

cal models. In theories such as DBI and k-inflation, it is
a familiar result that fNL ∼ c−2

s" [17]. Eq. (46) already
shows that this is not guaranteed in a model exhibiting
Galilean invariance, unless the background conspires to
require g4/α proportional to c2s, and as we will argue
below this is not automatically the case. This effect is
visible in the calculation of Mizuno & Koyama, although
these authors did not discuss its significance.

The possibility that fNL is not proportional to c−2
s" in

the limit of small sound speed has not previously been
noticed. Why is this? Cheung et al. observed that the
leading relevant operator contributing to the three-point
function would be π̇(∂π)2, since this is suppressed by
fewest gradients. In a generic theory where each op-
erator enters with an approximate common mass scale
M , the operator π̇(∂π)2 is dimension six after canoni-
cal normalization, whereas ∂2π(∂π)2 is dimension seven.
Accordingly we would expect π̇(∂π)2 to dominate fNL at
wavenumbers k ! M . The crucial point is that, if π̇(∂π)2

is the only relevant cubic operator, then it arises from a
term which also fixes the speed of sound [30]. As a re-
sult, the nonlinearly realized Lorentz invariance requires
fNL ∼ c−2

s" .

The important point we wish to emphasize is that
this is not forced to occur in Eq. (46), because it is a
dimension-seven operator rather than π̇(∂π)2 which gives
this contribution. We will discuss this in more detail be-
low. One might wonder whether even more powers of c2s"
can accumulate in the denominator. However, this is not
possible. The factor c−4

s" arises from an operator which is
not suppressed by any temporal gradients, each of which
contributes a factor c2s". No matter how many spatial

Non-Gaussianities Bispectrum

dim 6

dim 6

dim 7
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Shapes

Figure 1: Momentum triangles which dominate the bi-spectrum: 1. Equilateral triangles

arising from Hubble-horizon crossing. 2. Squeezed or local triangles arising from super-Hubble

evolution. 3. Flattened triangles arising from intial state effects.

where Vk are properly normalized solutions of the linear equations of motion for ζ
in momentum space. In Sec. 2 we discuss the conditions required of this two-point

function so that we can reliably trust our calculation.
In the standard calculation using the BD vacuum, the dominant contribution to the

three point function, which measures directly three particle interactions, comes from
when the modes cross the horizon. The intuitive reason for this is that at sub-horizon
scales the BD vacuum corresponds to a state of no-particles1 (where the particles are

inflaton quanta). Thus there are no particles to interact and so no contribution to the
three point function. As the modes cross the horizon, the WKB approximation breaks

down which is tantamount to the statement that particles are created. These particles
can then undergo interactions which contribute to the three point function. Once the

modes are well outside the horizon, ζ , properly defined, gets frozen in nonlinearly i.e. it
is conserved and further interactions become irrelevant. In curvaton models [15] there
can be an additional contribution from super-horizon scales because ζ is not necessarily

conserved [16]. In figure 1 we show the momentum triangles for which the three point
function is maximized for these two types of effects (triangles 1 and 2).

The main point of this paper is that this situation changes dramatically if the initial
state is not BD. In this case there are particles present initially which can undergo

1It is true that for a static observer the BD vacuum appears as a thermal bath of particles. However
here we are using the adiabatic or WKB definition of particles appropriate to the flat slicing of de
Sitter. This is the definition that is actually most useful in the context of calculations.
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The background wavefunctions can be written

u(k, τ) =
iHk

2
√
αk

1

(kcs|k)3/2
(1− ikcs|kτ)e

ikcs|kτ . (38)

The O(ε) correction, δu(k, τ), is obtained by expand-
ing Eq. (34) uniformly to first order in small quantities.
The variation with respect to the order, ν, of each Han-
kel function can be evaluated using expressions (B.42)–
(B.46) of Ref. [17]. Assembling sine and cosine integral

terms, these expressions can be rewritten to find

∂H(2)
ν (x)

∂ν
= −

i

x3/2

√

2

π

×
[

eix(1− ix) Ei(−2ix)− 2e−ix − i
π

2
e−ix(1 + ix)

]

.

(39)

Using Eq. (39) and Eq. (34), and rotating the contour
of integration of Ei, we finally obtain

δu(k, τ) =
iHk

2
√
αk

1

(kcs|k)3/2

{

− λke
−ikcs|kτ (1 + ikcs|kτ)

∫ τ

−∞

dξ

ξ
e2ikcs|kξ

+ eikcs|kτ
[

µ0|k + iµ1|kkcs|kτ + skk
2c2s|kτ

2 + λkNk − iλkkcs|kNkτ − skk
2c2s|kNτ2

]

} (40)

We have defined Nk = ln |kcs|kτ |. The remaining inte-
gral is to be taken over a contour displaced slightly above
the negative real axis for large |ξ|, which renders it fi-
nite. Similar integrals are generated in the Schwinger (or
“in–in”) formulation of quantum field theory, where the
same contour prescription is obtained after accounting
for iε terms which project onto the vacuum at past infin-
ity [28, 46]. Differentiating with respect to τ and using
Eqs. (29)–(31) one can confirm that, despite the appear-
ance of an apparent logarithmic singularity, δu(k, τ)′ → 0
in the limit τ → 0. This is the same behaviour as u(k, τ)
itself, and guarantees that the introduction of slow-roll
corrections does not cause a convergent time integral to
become divergent.
Log-divergent integrals of the form appearing in

Eq. (40) have previously been obtained in Refs. [29, 47,
48], which discussed the possibility of singularities for
certain kinematic configurations of the ki, including the
‘squeezed’ configurations where one ki becomes much
smaller than the other two. The behaviour of the three-
point function in this limit is not trivial, but it can be de-
termined nonperturbatively in the single-field framework
following an argument due to Maldacena [28, 49], and is
known to be regular. Therefore any singularities arising
from this log-divergent integral must cancel. We have
confirmed that our final expressions contain no singular-
ities, but we discuss the significance of these potential
divergences in Appendix A.

Three-point correlations. We give technical details of
the calculation of the three-point functions arising from
each cubic operator in Eq. (25) in Appendix B. In this
section we report the final values of fNL, specialized to
the equilateral limit where all ki have a common magni-
tude. We would typically expect the bispectrum to be
maximized on a configuration close to equilateral, and
this limit should give a good estimate of the magnitude
of the bispectrum on this peak configuration.
We adopt the convention that background quantities

are to be evaluated at the horizon-crossing time corre-
sponding to the symmetric point kt = k1 + k2 + k3, and
denote evaluation at this time by a subscript ‘*’. This is
somewhat larger than any individual ki. In the equilat-
eral case this moves the point of evaluation to ln 3 ≈ 1
e-folds after the common time of horizon exit.
We define the bispectrum Bτ (k1, k2, k3) by

〈π(k1, τ)π(k2, τ)π(k3, τ)〉 =
(2π)3δ(k1 + k2 + k3)Bτ (k1, k2, k3)

(41)

where the momentum-conservation condition allows us to
make B a function of the magnitudes ki alone, indepen-
dent of the relative orientation among the ki. We define
fNL to be the reduced bispectrum

B(k1, k2, k3) =
6

5
fNL

×
[

P (k1)P (k2) + P (k1)P (k3) + P (k2)P (k3)
]

,
(42)

where all quantities are evaluated at time τ . Our con-
vention that the background quantities in each copy of
the power spectrum P (k) are to be evaluated at τ$ im-
plies that there is a logarithmic correction to Eq. (36)
proportional to ln k/kt. Combining Eqs. (36) and (42)
we obtain

6

5
fNL =

∏

i k
3
i

∑

i k
3
i (1 + 4E$ − 2λ$ ln[k

−1
i k−2

t

∏

j kj ])

×
(

H2
$c

3
s$

4α$

)3

B(k1, k2, k3).

(43)

To obtain our final answers we expand this expression
uniformly to first order in quantities of O(ε). We de-
fine a numerical constant ω, satisfying cothω = 5. In
the equilateral limit ki = k for all i, each fNL becomes
independent of k for dimensional reasons and we find
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Figure 1: The shape of single-field inflation. Top Left: Fπ̇(∂iπ)2 (corresponding to c̃3 = 0), which

is very similar to the template Equilateral shape. Top Right: Orthogonal shape: c̃3 = −5.4. The

cosine of this shape with the equilateral shape is approximately zero. Bottom Left: Flat shape:

c̃3 = −6. This shape is peaked on flat triangles where the two smallest k’s are equal to half the

larger one, instead of on equilateral triangles. Bottom Right: Fπ̇3 , which correponds to the case

1 � |c̃3| � O(10): the contribution on flat triangles is clearly larger than in the case of Fπ̇(∂iπ)2 .

Figure 2: Left: Cosine of single-field shape with the equilateral shape as we vary c̃3 with cs � 1, the

regime in which it is independent of cs. The two horizontal lines represent when the scalar product

is equal to ±0.7, to give a rough measure of when the cosine becomes small. Right: Cosine with the

local shape.

10

Shapes

same as the one induced by the operator π̇(∂iπ)2 . The unitarity cutoff induced by π̇(∂iπ)2 is
in fact given by:

Λ4
π̇(∂iπ)2

∼ 16π2
M

2
Pl|Ḣ| c

5
s

(1− c2s)
2
, (11)

while the one due to π̇3
is given by

Λ4
π̇3 ∼ Λ4

π̇(∂iπ)2
· 1

(c2s + 2c̃3/3)
2 , (12)

which are indeed of the same order for c̃3 of order one. It is also easy to estimate that if c̃3

is order one, loop corrections renormalize the coefficients of the two operators only at order

one level. This means that c̃3 of order one, and a small speed of sound cs, are technically

natural
4
.

The three point function of the Newtonian potential Φ has the usual form

�Φ�k1
Φ�k2

Φ�k3
� = (2π)3δ(3)(

�

i

�ki)F (k1, k2, k3) . (13)

Here

Φ =
3

5
ζ , (14)

where ζ is the curvature perturbation of comoving slices. This relationship is valid, at first

order, out of the horizon, during matter domination. The δ−function comes from transla-

tion invariance and it tells us that the 3-point function is a function of closed triangles in

momentum space. For single-field inflation, F can be read off from:

�Φ�k1
Φ�k2

Φ�k3
� = −

�
3

5

�3

H
3�π�k1π�k2π�k3� = (2π)3δ(3)(

�

i

�ki)
�
Fπ̇(∂iπ)2(k1, k2, k3) + Fπ̇3(k1, k2, k3)

�

(15)

where Fπ̇(∂iπ)2 is the shape generated by the operator π̇(∂iπ)2, and Fπ̇3 is instead the one

generated by the operator π̇3
. In the limit in which we are far enough from de Sitter (in the

sense of the inequality (10)), and in which we consider an approximate shift symmetry for

the Goldstone boson, the resulting form of the non-Gaussianity is given by [10]
5
:

Fπ̇(∂iπ)2(k1, k2, k3) = − 5

12

�
1− 1

c2s

�
·∆2

Φ (16)

×(24K3
6 − 8K2

2
K3

3
K1 − 8K2

4
K1

2
+ 22K3

3
K1

3 − 6K2
2
K1

4
+ 2K1

6
)

K3
9K1

3
,

Fπ̇3(k1, k2, k3) =
20

3

�
1− 1

c2s

�
(c̃3 +

3

2
c
2
s) ·∆2

Φ · 1

K3
3K1

3
.

4This discussion has assumed that the operator proportional to (d2 + d3) is negligible up the cutoff. This
is the case only if (d2 + d3) � cs. When this inequality is violated, (d2 + d3) must be positive and, as we will
later explain more in detail, the natural value of c̃3 gets scaled down by a factor of order c1/4s /(d2 + d3)1/4,
which is clearly a negligible correction for (d2 + d3) of order one and for the values of cs that are currently
allowed by the data.

5In a different and somewhat less general formalism, this expression was obtained also in [26], where it
was already pointed out that the models considered in [26] admitted two independent shapes for the non-
Gaussianities.
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• Most plausible candidates for dynamical dark 
energy and inflation are fields with additional 
approximate global symmetries

• Consistency of coupling to gravity requires some 
new physics, most plausible is the global symmetry 
becomes local

• We are inevitably led to extra dimensional models 
and/or massive gravity models as consistent 
frameworks in which to realize local symmetry

• Models exhibit a wealth of interesting 
phenomenological implications

Summary
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• Can produce models with large single field non-
Gaussianities in a technically natural way (non-
renormalization theorems)

• Only a finite number of relevant operators - highly 
predictive

• Non-Gaussianities no longer constrained to the                
form - dimension 7 operators that dominate over 
dimension 6

Burrage, de Rham,  Seery,  AJT (2010)
`Galileon Inflation’, arXiv: 1009.2497

fNL ∼
1
c2
s

Summary

Monday, November 22, 2010



• Generalize from Galileon inflation to DBI/Galileon 
inflation

• So far we have looked at Bispectrum predictions 
for CMB, natural to extend to Trispectrum .... are 
there any surprises? (e.g. different shapes?)

• Would like to construct in a more complete (both 
in IR and UV) framework e.g. higher dimensional 
braneworld constructions

Work in progress with Burrage, de Rham,  Seery (Sussex) 

Summary
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